
Single-phase Chromatography: Solute 
Retardation by Ultrafiltration 
and Electrophoresis 

It is suggested that chromatographic separations can be performed 
very effectively in the absence of a stationary sorbent phase by using small 
diameter tubes or tube bundles for the column and segregating the solutes 
radially into the slower moving fluid near the tube walls. Separation is 
achieved by differential solute retardation whenever the degree of segrega- 
tion is different for the various solute species present. 

An approximate analysis and preliminary experimental studies demon- 
strate the feasibility of using ultrafiltration through the tube wall to achieve 
solute separation. Preliminary estimates based on our ultrafiltration analysis 
also show that segregation by electromigration is very promising for elec- 
trically charged solutes. 
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SCOPE 
Two processes are described here for carrying out vantages over presently available possibilities. I t  is of 

chromatographic separations without the stationary particular interest that separations depend primarily upon 
sorbent phase of conventional systems. Preliminary calcu- differences in such transport properties as diffusivity and 
lations and experiments demonstrate the feasibility of the electrophoretic mobility: these separations are dominated 
proposed processes and suggest some substantial ad- by transport rather than equilibrium considerations. 

CONCLUSIONS AND SIGNIFICANCE 
The bulk of this paper deals with retardation by ultra- 

filtration, and the approximate analysis presented appears 
sufficient for preliminary assessment of this process. 

On that basis it would appear that the ultrafiltration- 
based process is quite promising for small-scale fractiona- 
tion of polymers, for example, in the determination of 
molecular-weight distributions. Here the potential sharp- 
ness of the separation, the predictability of retardation 
factors in terms of molecular structure, plus the general 
applicability and simplicity of the method can be put to 
good advantage. In large-scale separations the unavoid- 
able loss of solvent through the tube walls, which tends 
to require large-diameter tubes, may present a problem. 
Further developmental work is needed here. 

Only a very primitive analysis is presented for retarda- 
tion by electrophoretic migration, but this permits useful 
predictions of separation potential if one notes its basic 
similarity to the ultrafiltration-based process and con- 
siders the related work of Caldwell et al. (1972) for slit- 
flow geometries. 

Indications are that this process is quite promising over 
a very wide range of process requirements, from micro- 
analysis in single tubes to industrial-scale separations. It 
is particularly noteworthy that three of the most severe 
problems of electrophoresis, excessive heating, convective- 
dispersion, and hydrodynamic instabilities can be simply 
controlled using the tubular geometry. 

The purpose of the first part of this paper is to explore 
the possibilities of the ultrafiltration-induced single-phase 
chromatographic process illustrated in Figure 1. The sec- 
ond part consists of extending this to another process 
where a lateral electric field across the tube replaces the 
lateral solvent flux. We begin with a brief description of 
system operation immediately below and then proceed to 
develop a mathematical analysis suitable for our purposes. 
We conclude the first part with a summary of preliminary 
experiments, showing the feasibility of the proposed oper- 
ation with presently available technology and a brief dis- 
cussion of their significance. 

RETARDATION BY ULTRAFILTRATION 

As in more conventional types of chromatography, sepa- 
ration of two or more solutes is achieved by selectively 

retarding them relative to the solvent flowing through the 
column. In our operation this is achieved by using bundles 
of hollow fibers in lieu of a packed bed and segregating 
the solutes into the slow-moving fluid near the fiber walls 
rather than by distribution into a second, stationary, phase. 
Segregation in turn can be accomplished by either ultra- 
filtration of solvent through the fiber wall, which is the 
process considered here, or by electrophoretic migration in 
a superimposed electric field, which will be described 
below (part B) . A nonuniform concentration profile will 
be established over the flow cross section, as indicated in 
Figure lb, and its shape will depend upon the relative 
importance of the segregating effect, here radial convec- 
tion, and the back diffusion of the segregated solutes. For 
our situation, degree of segregatior., and hence solute re- 
tardation, will be governed by the Pkclet number 
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Pd v,R/Dim (1) 

where c, is radial solute velocity at the wall, R is tube 
radius, and Dim is the effective binary diffusivity of a 
given solute species i. As one would expect, retardation 
becomes more effective for larger Pe'; it is already signifi- 
cant for Pe' = 1. 

As in more conventional procedures the only essential 
steps in our process are charging a relatively small volume 
of the solution to be processed into the upstream end of 
the column and then successively eluting the individual 
solutes by continuing addition of solvent. This differs from 
normal chromatographic operations only in that ultra- 
filtration is maintained at all times by keeping the intra- 
fiber space at elevated pressure. 

However, we find that much improved separations may 
be obtained if the feed solution is held at the upstream 
end of the column long enough to allow radial redistribu- 
tion of solutes before the start of elution, This is because 
radial migration is slow and because feed concentration 
is initially very nearly uniform over fiber cross sections. 
We have also found that solute can be focused into a 
very small length of fiber during this initial holding period 

t 

t- 

c. 

t- 

SOLVENT 

PULSE INJECTION 
POLYMER SOLUTION 

c- 

vw - 
+ 

c 

T=O 

by feeding solvent into both ends of the column. The 
axial position of the resulting solute bolus can be con- 
trolled very simply and effectively by adjusting the rela- 
Live flow rates to the two ends of the column. 

It appears from our preliminary experiments, described 
later in this paper, that this simple technique is very effec- 
tive for a wide variety of solutes, particularly high poly- 
mers, and that it can be adapted to a very wide range of 
flow rates. We discuss these points further after a mathe- 
matical analysis and presentation of data. 

EXPECTATION 

Here we develop a description of the above-described 
chromatographic process which appears to be adequate 
for assessing its potential and for planning a systematic 
experimental investigation. The key elements of this de- 
scription are equations for predicting the average axial 
velocity of solutes down the column relative to the solvent, 
the time required for initial radial distribution of solutes 
at the column inlet, and the convective dispersion of 
solute during elution. We begin by defining our system 
and proceed by a method analogous to that used by Gill 
and Sankarasubramanian ( 1970) to describe Taylor dis- 
persion. 

System Definition 
We begin by considering a single tube and by assum- 

ing negligible osmotic effects and that pressure drop 
along the tube axis is small compared to that across the 
tube wall. We also note that for presently available fibers 

where <v,> is flow-average axial velocity and z is dis- 
tance along fiber axis. System hydrodynamics is then 
adequately described (see, for example, Kozinski et al., 
1970) by 

(3)  

(4) 

v, = 2<v,>[1 - ( r / R ) 2 ]  

v, = v W [ 2 ( r / R )  - ( r / R ) 3 ]  

where v, is the radial velocity at the fiber wall, inde- 
pendent of z for our assumptions, and r is radial distance 
from the fiber axis, 

Mass transfer is adequately described by the axially 
symmetric continuity relation for species i, i being a solute, 

PRETREATMENT ELUTION 

Fig. lo. Operation of single-phose chromotogropry using hollow fibers. 

and the pseudobinary form of Fick's lawo: 

LOW DlFF USlV ITY 

-- CONCENTRATION - - - 
HIGH D l F F U S l V l T Y  

Fig. 1 b. Typic01 concentrotion profiles needed for single-phose 
chromotogrophy. 
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Here ci is molar concentration of species i, - Ni = Ci!i is 
the molar flux of species i, and Dim is its effective binary 
diffusivity through the mixture m; Dim will be considered 
to be constant. 

Boundary conditions on radial transport are that 

Ni, = 0 at r = 0, R (8>9) 

O Note that we are dealing with a multicomponent mixture. For a 
discussion of Dim, see Lightfoot (1974). 
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and boundary conditions on axial transport will be given 
later. 

To obtain a description of the chromatographic opera- 
tion we put Equations (7)  into (6)  and average over the 
flow cross section using Equations (8) and (9) .  This gives 

which eliminates radial dependence. Here 

<Q> =soR Qrdr soR rdr (11) 

where Q is any quantity. We next postulate a series solu- 
tion of the form 

Note that the zeroth derivative in this expression is just 
<ci>. Equation (12) then permits us to rewrite Equation 
(10) in the form 

We now note that Gill and Sankarasubramanian (1970) 
found all derivatives higher than the second in Equation 
(13) to be unimportant for Taylor dispersion ( v ,  = 0) .  
We also neglect them here and thus obtain 

a<ci> a - a -a<ci> 
+ - ( u < c ~ > )  =-D-  (14) 

u = <VJo> (15) 

(16) 

at az 82 a2 

- with 

- 
D = D i m  - <Vzfl><Vz> 

This is formally similar to the one-dimensional diffusion 
equation, but the effective convective velocity u and diffu- 
sivity are dependent upon both axial position and time. 

Equations ( 14) through (16) complete the mathe- 
matical definition of our model system, and it only re- 
mains to evaluate the parameters U and D, and to inte- 
grate Equation (14) for appropriate initial and boundary 
conditions. We do this shortly, but first we define a 
retardation factor widely used by workers in chromatog- 
raphy as 

average velocity of solute 

average velocity of solvent Rj = (17a) 

<U&> 

<Uz><Ci> 
- - 

Equation (17b) may be written in the alternate form 
- 
tJ <VJo> R - - = -  f -  

<u,> <V,> 

since <fo> is by definition unity. Equation (18) will be 
seen to give useful insight into the behavior of our system. 

To determine f o  and f l ,  and hence the desired (approxi- 
mate) description of our system we first assume that 
solute pulses are always sufficiently sharp so that 

which permits us to neglect the fractional axial variation 
of v,. This necessarily introduces error in fo  and f l ,  but 
should be a good approximation for situations of interest 
to us, especially for high polymers where desirable wall 
permeation velocities vw are small relative to <v,>. 

Combining Equation (12) with (6)  and ( 7 ) ,  using 
Equation (14) to eliminate the time derivatives of ,<ci> 
and equating coefficients of <ci> and a<ci>/az, we 
obtain* 

with 
vrfo - Dim- af 0 = 0 at r = 0, R 

ar 

<fo> = 1 
and 

+ f o ( %  - <uJo>) 

<V,> 
with 

vrfl - D~~ - af l  = 0 at r = 0, R 
at. 

<fl> = 0 

Initial conditions are complex in our situation and not 
entirely unambiguous. We discuss these separately for the 
holding and elution periods below. 

Description of Initial Solute Redistribution 

We consider here a narrow band of solute held near 
the column inlet by solvent feed into both ends of the 
fibers. Our purpose is to determine the asymptotic radial 
concentration profile reached on prolonged holding and 
the time needed to approximate this asymptotic condition. 
During this period Ni ,  will be close to zero everywhere, 
and at its beginning radial solute distribution will be 
nearly uniform. 

We are thus only interested in fo, and we may choose as 
our initial condition 

f o ( r , O )  = 1 (26) 
This choice is consistent with Equation (22), and it is 
conservative since some solute redistribution will occur 
during establishment of the band in the column, 

We next note that there is no need for highly accurate 
description of the transient period, and we therefore con- 
tent ourselves with the approximation 

f o  = 
4e-4r 

[ 2  - +(  1 - e-4.r) 1 2  

where 7 = r / R  and T = tv, /R. Equation (27), in addi- 
tion to being simple, is exact at all times in the limit of 
large Pe' and at large time for all Pe'. It is quite adequate 
for our purposes, and it suggests that a holding period of 
the order of T = 1 is sufficient. 

* Terms containlng a<o,>/az neglected as a consequence of Equa- 
tion (19). 
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Description of Elution 
The transition from the holding period to the start of 

elution is characterized by an abrupt change in the axial 
velocity distribution. Providing that the hydrodynamic 
transients die out quickly, the radial flow pattern is not 
expected to be greatly disturbed. The radial distribution 
of solute can then be considered continuous across this 
period of transition, whereas such mathematical constructs 
as fo and fl etc. cannot. It is therefore simplest to describe 
the elution period apart from the holding period and to 
connect the two by assuming the continuity of concentra- 
tion profiles. This approach leads to the initial conditions, 

e 
f o  = 

8 

f i =  0;  i k  1 (29) 
It is therefore unnecessary to resolve for the transient part 
of Equation (20) : it is possible to use Equation (28) 
throughout the elution period. It follows that the retarda- 
tion factor is constant and given by 

- 2  1 4(e-P6/4 - ,-P6 
- 

- U 
Rf=-- 

<v,> w ( e r f  fl- erf v'FWi) 

obtained from Equations ( 18) and (28). For sufficiently 
high PCclet number Equation (30) reduces to 

(30) 

4 
Lim { R f }  = - 

Pi3 P6+ m 

Equations (30) and (31) are compared graphically in 
Figure 2.  

It is perhaps interesting to note that Equation (31) 
may also be obtained by a boundary-layer analysis in 
which all concentration changes of interest are assumed 
to take place near the fiber wall, y = R - r << R. For 
this situation v,  is just v, and 

I 

01 I I 1 I I I 1 

Fig. 2. Retardation factor as a function of PCclet number for 
chromatography in hollow-fiber ultrafilter. 

20 pi 40 60 

Equation (32), plus the approximation for axial velocity 

(33) 
Y 

0, = 4<v,> - 
R 

can be combined to give Equation (31).  
Calculation of fl, and hence D, is unfortunately more 

complex. For our purpose no exact solution of Equation 
(23) is attempted. Rather we solve it exactly for the 
steady state limit Dm and account for the transient using 
the approximate expression 

where A - 1  is some estimated response time of the system. 
From the previous discussion on holding period and the 
similarity between the equations involving the transient 
parts of functions fo and f l  

40, 
R 

it- for large Pd (35) 

We may now focus attention on the steady state part, 
fll.  This asymptotic value, obtained by integrating Equa- 
tion (23) with afl/at = 0, is 

Jon' (v ,  - U )  fO""d7)" 

4' + Kfo (36) 
<v,> q'fo 

fl. = fo Jon 
where K is a constant determined from the condition 
<fl> = 0. Then by suitable changes of the orders of 
integration 
- 
Dm - D i m  = - <Uz><vzf1,> 

n'fn 

' 

J o  
- - 

Dim 

We have calculated this integral numerically for PQ up 

For very large PCclet number the boundary layer ap- 
to 70 and plotted the results in Figure 3. 

proximation can again be made. In this way one obtains 

(39) 

which is reminiscent of Taylor dispersion. This result, also 
plotted in Figure 3, appears to be reasonably accurate for 
Pd > 102; it overestimates dispersion at lower PQ,  

It may next be noted that even if all entering fluid 
leaves through the fiber walls 

(40) 
<V,>rI"* = ( L / R )  

ow 
which is always much larger than unity. It can be shown 
from Equations (39) and (40) that convection-induced 
dispersion is thus much more important than axial diffu- 
sion except at very high PCclet numbers; the latter will 
therefore be neglected here. 

Calculation of Effluent Curves 
We are now in a position to integrate Equation (14) 

for any initial conditions and PBclet number, but we must 
remember that 

<v,> = <v,o> - - (41) 
2vwz 

R 
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Fig. 3. Axial convective dispersion in fiber as a function of PBclet 
number. 

where <vz0> is the flow-average axial velocity at the inlet. 
It follows from Equation (30) that u is a function of z 
and from Equations (34) and (37) that is a function 
of both z and t. 

It is thus convenient to rewrite Equation (14) using 
the modified variables: 

U ( 0 )  L 
- - t - - o  (43) 

A 

[= -1n(  A 

L 1 - d h  
where 

is the length of column just sufficient to ultrafilter all in- 
coming solvent, and - 

U ( 0 )  
--t 

A 
S = <ci> e (45) 

We thus obtain 

in place of Equation (14) .  Equation (46) is just the one- 
dimensional form of Fick’s second law, for which solutions 
are readily available. It is, however, not always easy to 
write initial conditions in terms of 5. 

We consider here as an 3lustrative example introduction 
of. a short solute pulse to the column, with elution follow- 
ing a holding period as described above. We neglect 
entrance and exit effects and use the boundary condition 

(47) 

Integration of Equation (46) for this situation gives 

e <q> = - Mi 
2VT8 

Note that h/F(O) is proportional to the radial response 
time R/u,.  

In order to show that a complete separation can occur, 
Equation (48) was used to construct the effluent curves 
of Figure 4 for assumed conditions which are roughly con- 
sistent with those for our experimental operations de- 
scribed below. Due to the approximations made in the 
analysis, no comparison of theory with experiment is at- 
tempted at this stage. Good separation is predicted for 
solutes whose diffusivities differ by more than a factor of 
2 for Pe’ greater than 10. Better separations can be ob- 
tained in longer columns, but it must be remembered that 
there is a maximum length h for each flow rate. Optimiza- 
tion is therefore complicated by such physical constraints 
on the system variables. 

OBSERVATION 

We present here the results of preliminary experiments per- 
formed to determine the salient characteristic; of ultrafiltra- 
tion-induced single-phase chromatography. These experiments 
are qualitative in nature, in part because truly suitable ap- 
paratus is not yet available, and they should be extended. Even 
these preliminary results, however, show promise for effective 
separations. 

Apparatus 

The experimental set-up, shown in Figure 5, is based upon a 
Bio-rad 80 ultrafilter which has approximately the following 
characteris tics : 

Tube internal diameter: 2 x 10-2 cm 
Ultrafiltration surface: lO3cm2 
Total flow cross section: 0.4 cm2 
Total internal volume: 7 ml 
Active volume: 5 ml (volume in which ultrafiltration can 

Nominal molecular-weight cut-off: 30,000 
Nominal maximum ultrafiltration pressure: 83 kN/m2 (12  

Water permeability: 2/3 ml/min., lb./sq.in. 

occur) 

Ib./sq.in. ) 

This unit was used for its high water permeability and because 

< vzo> t - 
L 

fig. 4. Concentration measured a t  a distance 0.9 A from initial 
location of solute band as a function of time and Phclet number. 
The band width is 0.09 A initially. The significance of A i s  indicated 

in Equation (44). 
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it proved capable of withstanding much higher than rated 
pressure: experiments were made successfully at pressures as 
high as 275 kN/m2 ( 40 Ib./sq.in. ). 

cm/s so that PAclet numbers greater than unity can be obtained 
for solute diffusivities 

Dim = Ru,,/Pb 6 ( 10-2 cm) ( 3  x lou4 cm/s)/( 1) 

Typical wall permeation velocities were about 3 X 

= 3 x 10-6 cmz/s 

The experimental conditions obtainable in this apparatus are 
therefore just sufficient to obtain significant retardation of 
typical globular proteins. 

The remainder of the equipment consisted primarily of 
rotameters for metering the flow, valves to control pressure and 
flows to the two ends of the column, and a Gilford spectro- 
photometer equipped with a flow cell of 0.3 ml volume. 

Procedures 
Two types of experiments were performed. In the first, 

valve B (see Figure 5 )  was closed, and solvent, essentially 
water, was pumped at a constant flow rate through the ultra- 
filter. Small pulses of solute (0.5 to 1.0 ml) were added 
through the injection port from a syringe, and the outlet con- 
centration was monitored continuously. 

In the second set, flow was initially maintained into both 
ends of the ultrafilter with the result that solute pulses became 
positioned at the point of no axial flow. In the case of blue 
dextran the solute was visible as a small blue spot in each tube, 
and it normally appeared very close to the expected position. 
This situation was maintained long enough for the solute to 
obtain a steady radial concentration distribution, normally 
about two min. This is of the order of ( R / u Z L : ) ,  the radial dis- 
tributions time constant of the previous section. After this 
initial holding period valve B was closed, and solute was 
eluted just as in the first type of experiment. 

Solutes used included 0.2% blue dextran (from Pharmacia 
Corporation), human plasma diluted 1 to 5 (produced by 
centrifuging whole blood), and CuSO4, which was used as a 
marker since it moved with the water through the tube walls. 
All three solutes were monitored at 262.5 mu. 

/-MAGNETIC 
STIRRER 

RESULTS 

A typical concentration history for the first type of ex- 
periment (no pretreatment) is shown in Figure 6. Here 
0.5 ml pulses of 0.2% blue dextran and 10% CuS04 were 
separately injected and the outlet concentration curves 
superimposed. I t  can be seen that the great bulk of blue 
dextran was significantly retarded, in accordance with 
expectation, but that a small amount moved with essen- 
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Fig. 5. Experimental apparatus used to demonstrate solute's retarda- 
tion by ultrafiltration. 
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Fig. 6. Superimposed copper sulfate and blue dextran peaks obtained 
without pretreatments. The pressure difference across fiber's wall 
was 72 kN/m2. Wal l  permeation rate was 17.7 ml/min. Eluent was 
collected a t  2.5 ml/min. 0.5 ml of 0.2% blue dextran solution was 
injected for one curve end 0.5 ml of 10% copper sulfate for the other. 

tially the speed of the CuS04. This is apparently material 
initially near the center of the tube and which did not 
have time to migrate to the walls. 

The effect of pretreatment is shown in Figure 7 where 
curves for blue dextran with and without pretreatment are 
superimposed. It can be seen that pretreatment eliminates 
the secondary peak and also appears to increase retarda- 
tion of the main peak. 

Figure 8 shows exit concentration as a function of time 
for chromatography of blood plasma, with pretreatment. 
The pressure, though a moderate 377 kN/m2 (40 lb./ 
sq.in.gauge), is the largest that can be obtained with our 
experimental set up without leakage and flow disturb- 
ances. The small multiple peaks near the maximum sug- 
gest partial fractionation of the plasma, but it is clear that 
the present equipment is not satisfactory for this purpose. 
It appears further experiments have to be done with 
longer fibers and higher pressures to effect a significant 
separation. 

DISCUSSION 

The expectation that significant solute separations can 
be obtained by ultrafiltration-based single-phase chroma- 
tography is borne out by our preliminary observations. 
Since this process appears economical and unlikely to 
damage even sensitive materials such as native proteins, 
it is deserving of further development. 

The next step should be to fabricate fiber bundles which 
are longer and operable at higher pressures, preferably up 
to the bursting strength of the fibers. It is also desirable 
to explore the use of larger fibers, since 

1 d<v,> D i d  
<v,o> d d L  <v,o>R2 

- - - = 2P6 

Thus the fractional drop in axial velocity with distance 
into the column drops with the square of tube radius if 
the PCclet number, hence R f ,  is maintained constant. I t  
may be noted that the PBclet number at bursting pressure 
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is insensitive to tube radius if geometric similarity and 
constant mechanical properties can be maintained. 

The decrease in axial velocity is an apparent drawback 
to this technique in that it limits column length for a given 
input flow rate. However, the radial segregation produced 
by the ultrafiltration also reduces axial dispersion. Consid- 
erable experiment and analysis will probably be required 
to evaluate this process, which presents a number of novel 
features. It may be noted here that electrophoretic segre- 
gation described below eliminates the loss of solvent 
through the tube wall. 

RETARDATION BY A TRANSVERSE ELECTRICAL FIELD 

The above-described limitation on column length can 
be avoided by use of other segregating techniques. For 
charged solutes perhaps the most convenient of these is a 
transverse electrical field, as pictured in Figure 9. Such 
an approach has already been shown by Caldwell et al. 
(1972) to be effective for slit flow, and the preliminary 
analysis we present here suggests it to be quite promising 
for the far more practical tubular geometry of most inter- 
est to us. To show this we first calculate retardation factors 
for the idealized but representative situation of Figure 9 
and then examine the effect of tube walls on the interior 
potential distribution. 

We assume continued steady feed of any soIution to 
the top of the column and a uniform transverse electrical 
field; solute concentration is then independent of axial 
position, and if the electric field 

- -  E = 6,E = const. (49) 

- -  €1 = &uiE ( 5 0 )  

the electrophoretic velocity of any species i will be 

I l l [  

NO PRETREATMENT 

W 
0 z 

a 
0 
v) 

a 
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m 
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WITH PRETREATMENT 

Ae 
Fig. 7. Effect of pretreatment on output blue 
dextran peak. Curve A, was obtained without 
pretreatment and curve B for 2 min. initial 
holding. A smaller amount of dextran was 
used for curve B. In both cases the pressure 
used was 30 Ib./sq.in. gauge. Permeation rate 
obtained was 19.6 ml/min. Eluents were 

collected a t  2.2 ml/min. 

W 
0 z a 
m a 

m 
a 

0 
v) 

Fig. 8. Peak obtained with 0.5 ml of 20% 
plasma solution injected. Pressure difference 
across fiber's wall was 275 k N / m 2  (40 Ib./ 
sq.in.). Permeation rate was 22.5 ml/min. 

Eluent was collected at 1.4 ml/min. 

where ui is the electrical mobility. The defining equation 
for the solute distribution is then, if the solution is dilute: 

where Dim is the effective binary diffusivity of i through 
the mixture m. Then 

-- '' - exrc/Dtm = eqcos6(ctR/Dcm) (52) 
Cia 

Here ci0 is solute concentration at the tube axis, r and 4 
are cylindrical coordinates as indicated, and 7 = r/R,  
where R is tube radius. The ratio &/Dim is a Peclet num- 
ber for the process and will be designated by Pe'. 

The solvent velocity profile may normally be considered 
to be parabolic 

(53) 
and therefore 

UZ = ~ m * x  ( 1 - T 2 )  

We have not found a compact representation of this ex- 
pression, but we can express it in the series form 

k = l  M k  - -  
& = 1 -  

1 m 

-+ 

where 
( k  - l ) ! ( k  + 2)1 ( 55b ) M - 2 k + l  

k - k  

This expression is readily evaluated numerically, and rep- 
resentative results are shown in Figure 10. 
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Fig. 9. Schematic representation of the system 
treated. Solution is fed to the fiber in steady 
laminar flow. The fiber wall is assumed to 
have a n  ionic conductance comparable to that 
of the feed solution and surrounding electro- 
lyte. Note that in an actual chromatographic 
separation a short pulse of mixed solute would 
be injected initially and followed by feed of 

pure solvent. 

It is shown here that very significant retardations are. 
readily achieved for relatively low potential gradients. It 
should be noted in this respect that gradients of from 6 
to 50 V/cm have been used routinely in systems of similar 
configuration. The tube radii and mobilities used in the 
calculations are representative of commercially available 
ultrafiltration fibers and common globular proteins. 

The system shown is batch in nature and eminently 
suitable for the small-scale separations characteristic of 
electrophoresis today. As an example analytic separations 
can be carried out with single fibers. However, it should 
also be possible to scale up almost indefinitely by use of 
large fiber bundles. The small diameter of typical fibers 
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and the segregation of solute into thin boundary layers 
also tend to stabilize the system against free convection 
and thus eliminate the need for a packing. Also the loose 
nature of a fiber bundle combined with the small fiber 
radii permits very effective convective cooling. Our pro- 
posed system thus appears to offer significant practical 
advantage over more conventional devices. 

The success of this approach does of course depend 
upon achieving an adequate potential gradient inside the 
fibers, but this does not appear to present a serious prob- 
lem. First it may be noted that all ultrafiltration hollow 
fibers are electrolytically conducting and that they are of 
a generally convenient size. Second the primary effect of 
electrical resistance in the tube wall is only to decrease 
the internal transverse field rather than to distort it. 

The validity of this latter statement is easily demon- 
strated by considering an isolated fiber in semi-infinite 
surroundings of the same concentration as that inside the 
fiber (see Figure 11). For each of the three phases of 
this system Laplace’s equation holds for the electrostatic 
potential 4. Then for our postulated two-dimensional 
situation 

and the boundary conditions are 

At r = R + a  (59,601 

O 1  t 
01 I I I , 
0 2 4 6 8 10 12 

E LVlcm) 

Fig. 10. Retardation factor as a function of potential gradient for 
representative proteins and fiber diameters. 
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Fig. 11. Distortion of the electrical field by an isotropic fiber. 

AS r + ~ 4  @ ~ + F x = F ~ c o s +  (61) 

Here the subscripts i, m, and 0 refer to the inside, mem- 
brane, and outside phases, respectively. 

Equations (56) to (61) are satisfied by the potential 
profiles: 

A 
r 

C 

@ o  = Fr cos 4 + - cos 4 

@m = Br cos 4 + - cos 4 
r 

= Er cos 4 
with 

+ ( R  + 6 ) 2  ( 1  + ;> ] - ( R  + 6)2F 

We thus find the interior field to be simply @i = Ex which 
is of the same form as that in absence of the membrane. 
The situation will be more complex in a fiber bundle, but 
there seems no reason to expect serious practical diffi- 
culties arising in this case, so long as the fiber spacing is 
reasonably uniform. 
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NOTATION 

ci 
qo 
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= concentration of species i 
= concentration of species i in the centerline of the 

fiber 
Dim = pseudo-binary diffusivity of species i in mixture 
73 = axial dispersion coefficient defined by Equation 

E = electrical field inside the fiber 
f k  = set of functions defined by Equation ( 1 2 )  
k = electrical conductivity in the solution phase 
k, = electrical conductivity inside the tube wall 
K = an integration constant defined in Equation (36) 
L = distance traveled by solute in ultrafiltration tube 

Mi = total mass of solute i in tube 
Ni = molar flux of species i 
Nir = radial component of molar flux of i 
Ni, = axial component of molar flux of i 
P6 = PBclet number, v w R / D i m  or &/Dim 
Q = any physical quantity 
r = radial distance from axis of tube 
R = radius of tube 
Rf, Ri = retardation factor, defined in Equation (17a) 
S 
t = time, min. 
zc 
ui 
vi - 
u, 
u,  
uz 
y 
z 

(17) 
- 

during elution 

- 

= variable defined by Equation ( 4 5 )  

= average solute velocity, defined in Equation ( 1 5 )  
= electrical mobility of species i 
= velocity of species i 
= radial component of solution’s velocity 
= solvent velocity through the tube wall 
= axial component of solution’s velocity 
= radial distance from the tube’s wall 
= axial distance along the tube in the direction of 

- 

solvent’s flow 

G r e e k  Letters 
8 = tube wall thickness 
SZ 
- ei 

5 
7 
e 

1 
A 

7 = dimensionless time, uwt/R 
4 = polar coordinate, as in Figure 9 

= electrical potential 

Subscripts 
w = wall condition 
0 
00 = large-time asymptote 
< > = averaging over the cross-section of the tube 

= unit vector in x-direction 
= electrophoretic velocity, as defined by Equation 

= dimensionless axial distance, z / L  
= dimensionless radial distance, r / R  
= a dimensionless function of time defined by Equa- 

= reciprocal of the estimated radial response time 
= maximum length of ultrafiltration tube, R<v,o>/ 

- 
( 5 0 )  

tion ( 4 2 )  

2% 

= axial position at z = 0 
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